The main purpose of this paper is to introduce the concept of strongly ideal lacunary quasi-Cauchyness of order (α, β) of sequences of real numbers. Strongly ideal lacunary ward continuity of order (α, β) is also investigated. Interesting results are obtained.
Introduction
A family I of subsets of N, the set of positive integers, is said to be an ideal if I is additive i.e. A, B ∈ I implies A ∪ B ∈ I and hereditary, i.e. A ∈ I, B ⊂ A implies B ∈ I. An ideal I is called non-trivial if I = 2 N , and an ideal I is said to be admissible if I ⊃ {{n} : n ∈ N}. A non-empty family of sets F ⊆ 2 X is said to be a filter of X if and only if (i) φ / ∈ F, (ii) A, B ∈ F implies A ∩ B ∈ F and (iii) A ∈ F, A ⊂ B implies B ∈ F. The concept of ideal convergence (or I-convergence) of real sequences was introduced by Nuray and Ruckle in [31] who called it generalized statistical convergence as a generalization of statistical convergence which is a generalization of ordinary convergence ( [25] , [28] , [34] , [26] , [4] , [7] , [8] , [22] , [37] , [38] , [6] ), and also independently by Kostyrko, Salát, and Wilczyński in [29] . Some further results connected with the notion of the I-convergence can be found in ( [24] , [30] , [35] , [32] , [33] , [40] , [10] , [11] ). Throughout the paper, I will denote a non-trivial admissible ideal of N. By a lacunary sequence we mean an increasing sequence θ = (k r ) of non-negative integers such that k 0 = 0 and h r = (k r − k r−1 ) → ∞ as r → ∞. The intervals determined by θ will be denoted by I r = (k r−1 , k r ] and the ratio kr kr−1 will be abbreviated by q r , and q 1 = k 1 for convenience. In the sequel, we will always assume that lim inf r q r > 1. In [27] , the notion of N θ convergence was introduced, and studied by Freedman, Sember, and Raphael. A function f : R −→ R is continuous if and only if it preserves Cauchy sequences. Using the idea of continuity of a real function in terms of sequences, many kinds of continuities were introduced and investigated, 100 not all but some of them we recall in the following: slowly oscillating continuity ( [12] ), quasi-slowly oscillating continuity ( [23] ), ∆-quasi-slowly oscillating continuity ( [13] ), ward continuity ( [14] ), δ-ward continuity ( [15] ), δ 2 -ward continuity ( [2] ), contra δ − β−continuity ( [1]), statistical ward continuity, ( [8] , [9] , [7] ), lacunary statistical ward continuity, ( [43] , [42] , [39] ), λ-statistically ward continuity ( [16] ), ideal ward continuity ( [10] ) and Abel continuity ( [17] ) which enabled some authors to obtain some characterizations of uniform continuity in terms of sequences in the sense that a function, on a special subset of R, preserves certain types of sequences (see [3] , [41] , [18] , [23] ). The concept of lacunary I-convergence of sequences was introduced and investigated in [40] . A sequence of (x k ) of real numbers is said to be N θ (I)-convergent to a real number L (lacunary I-convergent in the statement of [40] , or strongly ideal lacunary convergent to a real number L), if there is a real number L such that
Recently, the concepts of N θ -ward compactness of a subset E of R, and N θ -ward continuity of a real function are introduced, and investigated in [19] . The purpose of this paper is to introduce and investigate N β α (θ, I)-ward continuity, and prove interesting theorems.
Main Results
In this section, by defining the notion of N β α (θ, I)-convergence we introduce and investigate N β α (θ, I)-sequential continuity, and N β α (θ, I)-ward continuity for 0 < α ≤ β ≤ 1.
A sequence of (x k ) of real numbers is said to be N β α (θ, I)-convergent to a real number L (strongly ideal lacunary convergent to a real number L of order (α, β)), if there is a real number L such that
Proof. The proof follows from the details of Theorem 3.1 of [40] , so is omitted.
A sequential method is called subsequential if a sequence (x k ) is summable by the sequential method to L, then there exists a convergent subsequence (x kn ) with the limit L (see [5] , [20] , and [21] ). Now we are going to prove the following theorem which will be used throughout the paper. Proof. To prove that the sequential method N β α (θ, I) is regular, take any convergent sequence (x k ) of points in X with the ordinary limit L, i.e. lim k−→∞ x k = L. Let ε > 0. Then there exists a positive integer n 0 ∈ N such that |x k − L| < ε for k ≥ n 0 . Thus it follows from the admissibility of I that
Thus (x k ) ∈ N β α (θ, I), so the sequential method N β α (θ, I) is regular. The proof of the subsequentiality of N β α (θ, I) follows from Lemma 2.2, so the proof of the theorem is completed. Proof. Although the proof follows Corollary 6 of [20] , we give a direct proof for completeness. Let A be a subset of R. Since any convergent sequence is N β α (θ, I)convergent, it is easily seen that sequential compactness implies N β α (θ, I)-sequential compactness. To prove the converse suppose that A is N β α (θ, I)-sequentially compact. If x = (x n ) is a sequence of points in A, then it has an N β α (θ, I)-convergent subsequence (x n k ) of the sequence x with N β α (θ, I) − limx = L ∈ A. It follows from Theorem 2.3 that the sequence (x n ) has a convergent subsequence of (x n k ) with a limit in A. This completes the proof of the theorem.
As a matter of fact, we see in the following theorem that the set of all N β α (θ, I) sequentially continuous functions is equal to the set of continuous functions. Proof. The proof follows from Lemma 1 and Corollary 9 in [21] , so is omitted.
for every ε > 0. We note that any quasi-Cauchy sequence is N β α (θ, I)−quasi-Cauchy, so any convergent sequence is N β α (θ, I)−quasi-Cauchy. Proof. Let A be any bounded subset of R and (x n ) be any sequence of points in A. (x n ) is also a sequence of points in A where A denotes the closure of A. As A is sequentially compact there is a convergent subsequence (x n k ) of (x n ) (no matter the limit is in A or not). This subsequence is N β α (θ, I)−convergent since N θ −method is regular. Hence (x n k ) is N β α (θ, I)−quasi-Cauchy. To prove that N β α (θ, I)−ward compactness implies boundedness, suppose that A is unbounded. If it is unbounded above, then one can construct a sequence (x n ) of numbers in A such that x n+1 > k n + x n for each positive integer n. Then the sequence (x n ) does not have any N β α (θ, I)−quasi-Cauchy subsequence, so A is not N β α (θ, I)−ward compact. If A is bounded above and unbounded below, then similarly we obtain that A is not N β α (θ, I)−ward compact. This completes the proof of the theorem. It easily follows from the preceding theorem that a closed subset of R is Therefore it follows from the non-triviality and admissibility of I that
This completes the proof of the theorem.
It is easy to see that if f is N β α (θ, I)−ward continuous, then −f is also N β α (θ, I)−ward continuous. Furthermore if f is N β α (θ, I)−ward continuous and λ is a constant real number, then λf is also N β α (θ, I)−ward continuous, and f is N β α (θ, I)−ward continuous , then |f | is also N β α (θ, I)−ward continuous. On the other hand, we prove in the following that the maximum of two N β α (θ, I)−ward continuous functions is N β α (θ, I)−ward continuous. 
is N β α (θ, I)−quasi-Cauchy. It follows from this that the sequence (f (x n )) is N β α (θ, I)−convergent to f (x 0 ). This completes the proof of the theorem.
Proof. The proof easily follows from Theorem 2.15 and Theorem 2.7, so is omitted.
We see in the following theorem that the set of N β α (θ, I)−ward continuous functions is equal to the set of uniformly continuous functions on a bounded subset of R. Proof. Suppose that f is not uniformly continuous on A so that there exists an ε 0 > 0 such that for any δ > 0 there are x, y ∈ E with |x−y| < δ but |f (x)−f (y)| ≥ ε 0 . For each positive integer n, there exist x n and y n such that |x n − y n | < 1 n , and |f (x n ) − f (y n )| ≥ ε 0 . Since A is N β α (θ, I)−ward compact, there exists an N β α (θ, I)−quasi-Cauchy subsequence (x n k ) of the sequence (x n ). It is clear that the corresponding subsequence (y n k ) of the sequence (y n ) is also N β α (θ, I)−quasi-Cauchy, since (y n k+1 − y n k ) is a sum of three N β α (θ, I)−null sequences, i.e. y n k+1 − y n k = (y n k+1 − x n k+1 ) + (x n k+1 − x n k ) + (x n k − y n k ).
On the other hand, it follows from the equality x n k+1 −y n k = x n k+1 −x n k +x n k −y n k that the sequence (x n k+1 − y n k ) is N β α (θ, I)−convergent to 0. Hence the sequence (x n1 , y n1 , x n2 , y n2 , x n3 , y n3 , ..., x n k , y n k , ...)
is N β α (θ, I)−quasi-Cauchy. But the transformed sequence (f (x n1 ), f (y n1 ), f (x n2 ), f (y n2 ), f (x n3 ), f (y n3 ), ..., f (x n k ), f (y n k ), ...)
is not N β α (θ, I)−quasi-Cauchy. Thus f does not preserve N β α (θ, I)−quasi-Cauchy sequences. This contradiction completes the proof of the theorem. 
